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Abstract. Conformal Killing equations and their integrability conditions for expand- 
ing hyperheavenly spaces with A in spinorial formalism are studied. It is shown that any 
<T^ conformal Killing vector reduces to homothetic or isometric Killing vector. Reduction 

00 of respective Killing equation to one master equation is presented. Classification of ho- 

mothetic and isometric Killing vectors is given. Type [D] £g> [any] is analysed in details 
and some expanding T-CH complex metrics of types [III, N] ® [III, N] with A admitting 
qh isometric Killing vectors are found. 
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^ 1 Introduction 

o 

This paper is the second part of more extensive work devoted to the conformal, homo- 
thetic and isometric Killing symmetries in hyperheavenly spaces. In the previous paper [1] 
the nonexpanding hyperheavenly spaces have been considered and it was a generalization 
of the [2]. Now we deal with expanding case. 

The hyperheavenly spaces are the generalization of the heavenly spaces and they were 
discovered by Plebahski and Robinson in 1976 [3] - [H- The structure of the heavenly and 
^ hyperheavenly spaces, especially in the spinorial formalism was described in [5] - [14] . 

The problem of Killing symmetries given by the set of equations V( a Kb) = X9ab in 
expanding hyperheavenly spaces was presented in [15J and it is the unique paper devoted 
to this problem. However, in (15] the authors considered only homothetic and isometric 
symmetries. Indeed, the conformal symmetries are not allowed by the nonexpanding 
hyperheavenly spaces but in [T5] it was set a priori. Here we prove that \ must be 
constant, what follows from the integrability conditions of the equations V( a AV) = X dab- 
Moreover, considerations presented in [15] does not include the cosmological constant. 
Our work fill that gap. 

The way of reduction of the Killing problem in [T3] has been done in quite different 
way. We present the alternative way to obtain the master equation and its integrability 
conditions. It is the main reason, why the classification of the Killing vectors in our work 
differs of that given in |15j . 



In the present paper we use the following terminology. Eq. (3.6 ) is called the conformal 



Killing equation and its solution K the conformal Killing vector (as it was mentioned 
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earlier, this case is not allowed in the expanding hyperheavenly spaces). If \ = Xo — const 
then Eq. (3.6) is called the homothetic Killing equation and K, the homothetic Killing 
vector. Finally, if x — we have the isometric Killing equation and the isometric Killing 
vector, respectively. 

Note that the results of our paper can be quickly carry over to the case of real 

spacetimes of neutral signature (+ H ). Such spaces have attracted a great deal 

of interest in Osserman space theory [TH1 H3 dB] . 

Our paper is organized as follows. In section 2 the general structure of expanding 
hyperheavenly space is presented. We recall the form of the hyperheavenly equation, 
connection forms and curvature. In section 3 the explicit form of the Killing equations 
and their integrability conditions are found and the general results, especially the form of 
the master equation and the transformation formulas are presented. Section 4 is devoted 
to the classification of the isometric and homothetic Killing vectors. In section 5 we find 
the reduced hyperheavenly equations for the type [D] <g> [any] admitting different isometric 
and homothetic Killing vectors. Some interesting metrics of the type [III, N] £g> [III, N] 
with nonzero cosmological constant are explicitly given. Some of them are examples of 
the Osserman spaces with the symmetry. Detailed reduction of the Killing problem for 
the expanding hyperheavenly spaces are done in section 6. Concluding remarks end our 
paper. 

Our work is motivated by still actual question: how one can generate new real 
Lorentzian metrics from holomorphic ones (the Plebahski program). We guess that this 
is an important problem of mathematical relativity and that its solution will emerge from 
deeper and deeper insight into complex relativity. We suppose that the present paper is 
a step in this direction. 



2 Hyperheavenly spaces. 

2.1 General structure of hyperheavenly spaces with A. 

l-CH-space with cosmological constant is a 4 - dimensional complex analytic differential 
manifold Ai endowed with a holomorphic Riemannian metric ds 2 satisfying the vacuum 
Einstein equations with cosmological constant A and such that the self - dual or anti - self 
- dual part of the Weyl tensor is algebraically degenerate [3j HJ |9j . These kind of spaces 
admits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces, 
called null strings [19] . In this paper we deal with self-dual null strings. Coordinate 
system can be always chosen such that T422 = ^424 = [4], the surface element of null 
string is given by e 1 Ae 3 , and null tetrad (e 1 , e 2 , e 3 , e 4 ) in spinorial notation can be chosen 
as 



ex :-- 



E := —dp + Q dq 



B 



V2 



9 A 



(2.i; 



,1A 



V2- 



where 



(9 



AB\ 



V2 



e 1 — e 3 



(2.2) 
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and Q AB are holomorphic functions. Spinorial coordinates p A are coordinates on null 
strings given by q A = const. Define the following operators 



d A :- 



Q A :- 



_d_ 

dp 1 



d 



_d_ 

dp; 



(2.3) 



_d_ 
dq; 



<5 A :- 



_d_ 
dq / 



Q A * 9 b 



They constitute the basis dual to (e A , E ) 



d 2 



d 3 



(2.4) 



Spinorial indices are to be manipulated according to the rules q A = & A ^ q B , q A = q^ G Bj4 . 
Then, the rules to raise and lower spinor indices in the case of objects from tangent space 
read d A = e AB , d A =e^ A d B , d A = 5^ e AB , d A =e BA d B ■ As usual, Eab and e A ^ 
are spinorial Levi-Civita symbols 



1 
-1 



AB\ 



-AB) 



1 
-1 



AB\ 



(2.5) 



r- ^AB X B 



^AC^ 



AB cB 

^ 6 C 



(^) = (sg) 



The metric is given by 



1 



ds 2 = 2 e 1 ® e 2 + 2 e 3 <g> e 4 = — ^ ® 

s s 2 s 



20" 



1 
1 



dp A ® dq A + Q AB dq A ® dq^) (2.6) 



The expansion 1-form which characterises congruence of self-dual null strings is defined 
by [S] 

dq A (2.7) 



0:=^e a = </» 4 (r423e 3 + r 4 2ie 1 ; 
Consequently, we can consider two cases 



• g^- = 0—7-^ = and such a space is called nonexpanding l-LH-space (in this case 
one can put 0=1) 

• 7^ 7^ 0; such a space is called expanding HH-space 
In the present paper we deal with expanding case. 

Important remark: In geometrical terms 9 = means that the null strings are parallely 
propagated and 9^0 means that they are not parallely propagated. Therefore, in the 

case of real spacetime of signature (+H ) the case 9 = corresponds to the case when 

(M, ds 2 ) is a Walker space [T7] . 

2.2 Expanding hyper heavenly spaces. 

By reducing Einstein equations [U [H] one gets 

= J A P A (2.8) 
where J A is constant, nonzero spinor. Let K A be a spinor, defined by the relation 

K A J^- K^J A = t5 a where r = K A J A ^ (2.9) 
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Then 



Q 



AB 



-2 J^ A d B) W - d>d A d B W + ^-6 3 K A K B + —^K A K 



A 



Q { A n B) + }La? K A K B 



T 



6r 2 



r* 1 



where 



A 



A 



d B W -3J B W+ - — -K B rj = d B {(t)- z W) + —,K B r) 



n B = 

fi = fi(q N ) is an arbitrary function, A is the cosmological constant and 



77 := K A p A ->■ rp A = r] J A + (f) K A 



(2.10a) 
(2.10b) 

(2.11) 
(2.12) 



Einstein equations can be reduced to one equation called the expanding hyperheavenly 
equation with A 



(2.13) 



2r 2 



9g c 3 
1 



dsW = N A p A + 1 



T:=^- 2 Q AB Qab 



-K d j 



0„ 



-j A d £ 



T 



(2.14) 
(2.15) 



The form (2.13) will be especially useful in calculations in section |6j Inserting the explicit 
form of T into Eq. (2.13), the expanding hyperheavenly equation with A can be presented 



in the well know form [10 
1 



^\r 2 w PB ) PA {r 2 w pB ) pA + r'w a - ^ ir'ir'w)^ (2.16) 



n 



2r 2 



7)3° 



c 



A 



where N A and 7 are arbitrary functions of q c only (constant on each null string), W is 
the key function, and W pA = W QA = ^-,etc. Explicit formulas for the connection 
1-forms in spinorial formalism read 



Ll 

r 12 
r 2 2 

Tab 



(2.17) 



>d (A Q 



{QabJ a )e b 



AB) 



(A^B)C 



'(A-^B) 



where 



QabJ 



A 



B'i 



(2.18) 



r " 6r 

and (as a consequence of hyperheavenly equation, especially useful in many calculations) 



9 A Q 



AB 



N B + J A r 2 W nAnB + I -K- e BA -i,K B K A J- J p 



q^p 11 



1 



c 



C \ m A 



2t 
4 



BA r 2"B J M l 



dfJ, 

dq c 



(2.19) 



Decomposing the connection 1-forms according to 

1 



AB 



1 ABCD 9 



CD 



^ AB ~ 2 ^ ABCD 9 



CD 



we get 



11D 







r H2D = 1 J D 

1 



(2.20) 



(2.21) 



221D 



AB1D 



^QdaJ' 



I.22XJ ~~qv9 A ((j)QAD) 



(A ~B)D 



222D 



AB2D 



AD 



v / 2 0(05 {A <5b ) d+ e 



The conformal curvature is given by 

C (5) 
C (4) 
Cf(S) 

<9/X 









(2.22) 



-2/X- 



c m 



*l N A J A -p A 



20 5 



1 



-/XX < 



2t 

l^ AC + jB a? (7 + 3,lW/) 



A 

6Y2 



r 2 x + 77 AT*//* 



Pis 



C 



ABCD 



At 2 



where we decompose N A according to the formula 

2N A =: vK A + xJ A 
which defines the quantities v = v(q B ) and x = x(q B ) 



v := N A J' 

t A 



x:= —NaK a 



(2.23) 



(2.24) 



After substituting (2.10a) into (2.6) we obtain 

= (<pTy 2 \2T(dr]®dw - d<p®dt) + 2 ( - T 2 (f)W vv + ^ + -)dt®dt (2.25) 

s s V 6 / s 



ds 



+4 (-r 2 Wtf + t 2 W v ) dw®dt + 2 (-r 2 W H + 2r 2 W<t) dw <g> 



where 



* := i^A 



u> := -> q B = - (tJ B + wK 

T 



(2.26) 



In ((p, r), w, t)-language, the hyperheavenly equation reads 

r 2 (w m W H - WrtWrrt + 2<p- l W v W v<p - 2(t>- l W 4> W vv ) + T<T 1 (w^ - M^) (2.27) 



-n(fW H - 30W + W) + |:(/x t 77 - /x^) - -<p~ l W^ 
[Not loosing generality one can set r = 1.] 



1 j. 1 
-x0- -z/?7 + 7 



2.3 Gauge freedom. 

The problem of coordinate gauge freedom in expanding hyperheavenly spaces is similar 
to the one in nonexpanding spaces (compare with [U El E] and in the final form with A 
with [18J). The form of metric (2.6) admits the coordinate gauge freedom 

q' A (Qb) (2-28) 

X = X{q A ), a A = (j A {q l 



dq' A 



IB) 



where A and a A are arbitrary functions of q A . 



The functions <fi and Q transform under (2.28) as follows 

-\/Ab 



Denote 



A~2 



( y W = A -l (he < )( h> qCD + d % () l>"'" 



dq' A dq' B 



9 Q{a d( lc 



(2.29) 



D A 



B 



D-\ B 

A 



where A is the determinant 



Bq' A 


= A 


dq B 




_ % dp B 


9q B 




dq' A 


9 Pb 


dp' A 


9qA 


= A 


_! dq' B 


. dp' B 
— A 


= X^A- 1 


3q' B 




dq A 


dp A 



i dPA 

d P'n 



A : = det 



9 Ja 

dq 



B 



d Ab d 



AB 



(2.30) 



(2.31) 



It is easy to see that the transformation (2.28) is equivalent to the spinorial transformation 
of the tetrad with 



A- x A-3 h^Ai 
AAi 



(2.32) 



B 



As D 



-1 A 
B 



where 



2h:=-X- 1 D-\ R ^ 
dq' R 



1 D R dp' s 



da 1 



1 v 



[If # 



A...B. 



A s dq R dq' R A dq R 
is a spinorial quantity, it transforms according to formula 

./A...B. 



(2.33) 



L A R ...M%.V R ~ S ~ 



Performing reduction of Einstein equations to the hyperheavenly equation it is convenient 
to maintain J' A = J A = const and K' A = K A = const. It puts some restrictions on the 
gauge freedom. After some analysis one finds that the gauge freedom is restricted to the 
following transformations 

w' = w'{w) , t' = t'(w,t) , t' t = X~^ ->■ (2.34) 

da' 1 1 
D A B = ^r = ~- + <K A )J B + - a-» J A K B 

uq B T T 

D 



\b = I ( x ^ Ja _ ± Ka )jB + ^J,K B 



A t \ wL A »"„. " / r 



a A = aJ A , A = w' w X~^ 
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where a = cr(w, t) is an arbitrary function and, of course, 



Straightforward but long calculations show that the function W transforms under (2.34) 
as follows HE] 



(w'J'xIW = W+^xh^+^xh'^-h^ (2.36) 



1 i , d ( 1 dt' 



2t W d Q(A \K d( lB) 

+ ( " l XwL ^ + 12^ jA ~ 2Xh ' w RA) ) PA ~ M 

where M and L are arbitrary functions of only, giving an additional gauge freedom 
for W. Similarly, for the structural functions /jf, v\ x' and 7' one gets [T%] 



Finally 



A~t// = fi (2.37a) 

w' w X~ l v = v — 2Xw' w ofi t — 3//w^ (o r A) t (2.37b) 

(w'J 2 X-^>c' = x+Xn' w v + 2rL t (2.37c) 

+A^aw^A (t' w ii t - X~^fi w ) + -ii(t' w X t - X~^X W )^ 

«)V = 7 + 3MM-(<)i[(«4)-iU + iA«4ri/o- (2.37d) 

3 1 A 

-- (Aw^) 2 /ircro- t - - rA(u;^o-) 2 (3/iA t + 2A/i t ) + —L 



jf = ^ V + A-^0 + ra = ^ (t' tV + C 0) + to (2.38) 
u> u> w 

iv w w 



2.4 Simplifications for concrete algebraic types. 



It follows from (2.37c) that for all types the structural function x can be always 
gauged away by appropriate choice of the gauge function L. 

The types [II, D] <g) [any] are characterised by C^ 3 ' 7^ 0, so the structural function /i 
must be nonzero. However, by using the A transformation it can be always gauged to 
constan t value. With nonzero, constant /1, the function v can be gauged to zero (compare 



(2.37b)). It corresponds to the choice of tetrad in which = 0. The last step is to 



remove 7 with help of M (2.37d). Summing up, in the cases [II, D] eg) [any], not losing 
generality but only fixing coordinate gauge freedom one can always put v = x = 7 = 0, 
and = /io = const. Coefficient = 6fio(p 7 J A W q A = 6fio(j> 7 TW t . The well known, type 
[D] <g> [any] condition, = 2C^C^ - 3C^C (3 \ yields C« = 0, so with these choice of 
tetrad, for the type [D] eg) [any], the key function W is a function of three variables only, 

W = W((f),T],w). 



For the type [III] <g> [any], C {3) = 0, so /i = 0. Employing the formulae (]2.37c[) and 



(2.37d) one finds, that a gauge freedom can be used to set x = 7 = 0, and v = u = const. 

For type [N] <g) [any], = = fi = v = 0. With x = 0, C« = 2<p 7 r lu so 
the type [N] eg) [any] is characterised by 74 7^ 0. 

If additionally = then 7 = 7(w) and it can be gauged away with help of w' w 
or L (compare ( |2.37d )). Consequently (see (2.22)) Cabcd = 0, but when A / there 



does not exist any nonexpanding congruence of self-dual null strings. Such spaces admit 
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conformal Killing symmetries (as we will show in section [3]) and we are going to consider 
them in all details in the next paper. 

We summarize the above considerations in the following table 



Structural 


[II] ® [any] 


[III] <g> [any] 


[N] ® [any] 


functions 


[D] <g> [any] 








fio = const ^ 








V 





vq = const 7^ 





K 
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Remark: in section [5] we deal with the classification of Killing vectors and in some cases 
in order to simplify the forms of these vectors we choose the gauges different of these 
presented in the above table. 



3 Conformal Killing symmetries. 

3.1 Conformal Killing equations and their integrability condi- 
tions in spinorial formalism. 

Define the spin-tensor g aAB by the relation g AB = g a e a . Hence, —\g aAB 9bAB = ^1 
and —\g aAB Qacb = &c&%- The operators d AB and are spinorial equivalences of 

operators d a and V a , respectively, given by 

d AB = g a AB d a V AB = g AB V a (3.1) 



In the basis (2.4) 

d AB = V2 (5 A d B - 6 A d B ) = V2 [3 B , -d B \ (3.2) 
Killing vector has the form 

K = K a d a = -\K AB d AB = k B d B - h B d B (3.3) 

where we use the decomposition 

K AB = -V2 (5 A k B + 5\ h B ) = -y/2 [k B , h B ] (3.4) 
Components of the Killing vector, K a and K AB are related by the condition 

K a = ~\g aAB K AB » K AB = g aAB K a (3.5) 
Conformal Killing equations with a conformal factor \ read 

V (a K b) = xg a b (3.6) 

In spinorial form 

V A B K C D + V C D K B = -A X e Ac e BD (3.7) 
what is equivalent to the following equations 

Eac BD = V ( iV = (3.8a) 
E = V NN K NN + 8 X = (3.8b) 
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From (3.8a) and (3.8b) it follows that 



V7 B K D _ j C BD j_]BD c c C BD 

v a K c — 1 ac ^ +' ^ac —^X £ac£ 



(3.9) 



with 



AC 



2 (A ll C)N 



P := \v N &K N b) 



(3.10) 



In [H] the integrability conditions of (3.8a) and (3.8b) have been found. For the Einstein 
space (C 'abcd = 0, R = — 4A) these conditions consist of the following equations 



J RST 



1st + 2C N RST K N A + -A £r(s j^t) 

MabCD = K N <rV nl ^ C A BCD + ^C N i Aunl 



V R 1st 

7 NN, 



N AB 



{ABC l D)N 




K T) A + 2 e R{s V T) x = 
^xCabcd = 



Rabc A = C N ABC ^ ' n A X — 



(3.11a) 
(3.11b) 
(3.11c) 
(3.11d) 



for undotted Iab and Cabcd and the respective equations L R ^ A , M ab q^ 



for dotted l AB and C AB ^,^. 



and R ABC A 



3.2 Explicit form of the conformal Killing equations and their 
integrability conditions in expanding hyperheavenly spaces 
with A. 



Equations (3.8a) - (3.8b) together with their integrability conditions (3.11a) - (3. lid) 
form our problem to be solved. Using the formula for the spinorial covariant derivative 

,AB , t-<A tfrSB r S rf,AB 



V ■ ty AB 

* MN CD 



MN * CD~ SMN CD CMN SD 



(3.12) 



-Y B - ■ \Ef y 

SMN CD 



,AS 



r 5 . . \& j 

DMN CS 



,AB 



the decomposition (2.20), the formulae (3.2) and (3.4), after some work one obtains the 
system of equations: 
Conformal Killing equations 



En 



AB 



E 



AB 



12 



E. 



AB 



22 



2 

then 



20" 2 ,9^(0 2 ^) =0 

d (A( h B)_ (j) 2 k . Q B)Sj + 



dq 



+ Q AB d s ' 



B) 



2 & A h 6 > + 20 2 <5 s Q^ A k B ^ - 20 2 h*d s Q AB 



E = 4 X -d N k N + d"h„ + 



Ni 



-%J S 



b%d A ( 



2^>AS\ 



(3.13) 



hi 



d N k 



N 



d*h* + Qfik* + 20" 1 h*J* + 4> 2 k„ 8 S Q 



SN 



'N' 

d N h N + <p 2 k N d s Q SN - 2<f)h N J M Q NM 



(3.14) 
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Integrability conditions L RST A 

- ^L ni A = 0~ 3 d A (Ai) =0 (3.15) 

- 1 L A 

1 L 122 A = d A l 22 + 3(j ) 'U 22 J A + 2 ( pi 12 J s Q sA + h A (c^ + ^ -C^k A + 2Q A X = 



d A (h 2 + x) + <Phi J S Q SA - k A (c^ - 1a) = 



V2 

' v 211 



1 ^ ^4 ™ ^ . , . ... C' i i . , i i I — 



_ - :A - <i V :i + 0/ n ^(og s l ) - 20 1 Zi 2 ' - ^(r-* + - a) o 

-i= L 21 / = 9^(/ 12 - X ) - 0- 1 Z 22 J A + 2 / n 5 5 Q 5A + h A (c^ - U) - k A C^ = 

-4= £ 22 / = ^22 - 0^22 <9 S (0Q 5A ) + 20 2 Z 12 5 5 Q 5i + C™h A - C^k A = 
v2 

Integrability conditions Mabcd 

M im = (3.16) 
M 1112 ^-^- 2 C( 3 )^(0 2 ^) = O 

M 1122 = ^ 9^C( 3 ) - k N d N C^ - 2 X C( 3 ) - 0- 2 C< 2 ) ^(0 2 ^) = 
M 1222 = /^0*C< 2 ) - k*d*CW + C< 2 > [-2 X - h2 + 4>k^ds{4>Q^) + ty^hfiJ*] 
+ 3 2 C^ [l 22 - 2cfk N ■ d s Q SN + 20 h»JeQ**\ - \<t>~ 2 CV d N {^) = 

M 2222 = h^d N C^ - k„ d N C ( V - 2C& [2(f) 2 k^sQ SN - Z 22 - 24>h ff Jj } Q™] 
+2C« [<t>kx ds(</>Q™) + 30- 1 J*h* - Zi 2 - x] = 



Integrability conditions iV AB 

iV n ^ = 20- 2 ( 9( A [0 2 ,9^x] = (3.17) 
N 12 Ab = N 21 bA 

N 2l AB = 20 2 ^-d B X - 20 |* - 20 J A d sX ■ Q BS + | Ax e AB 

+20 2 d^x ■ d B Q" A + 20 J s d A X ■ Q BS + 20 2 Q As d^x = 
N 22 AB = 2 d A d B X + 20 2 d B x ■ d s Q SA - 20 2 d s x ■ d s Q AB + 20 e AB J s d cX -Q cs = o 

Integrability conditions Rabc A 

R U A = (3.18) 

Rn2 A =^yCVd A x = 

R 122 A ^^(c^d A x-C^c5 A x)=0 

R 222 A ^^(c^d A x-c^d A x)=o 

3.3 Preparatory analysis. 

Simple analysis of integrability conditions R ABC A and N AB AB shows that our problem 
can be divided into two subcases. With | C^ 3 ^ | + \C^\ + \C^\ ^ assumed, from the 
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conditions R^bc A ^ f°U° ws that d A \ = 0, so conformal factor is a function of q M only. 
However, inserting it to the N 2 i AB one obtains 

-20^1^ + ^x6^=0 (3.19) 
dq B 3 

It is linear polynomial in <f), so Ax = and J^j = — > X = Xo = const. Thus we arrive 
at the conclusion that 

Axo = (3.20) 

Therefore, four-dimensional space of the types [II, D, III or N] £g> [any] with nonzero com- 
plex expansion does not admit any conformal Killing symmetries with nonconstant \- 
This proves that the example from our previous work |T] describes the less degenerate 
space which admits conformal Killing vector with \ ^ const at all. Moreover, from 



(3.20) one infers that for any homothetic Killing symmetry (xo 0) cosmological con- 
stant A = 0. 

On the other hand, when Cabcd = 0, the integrability conditions Rabc A are identi- 
cally satisfied and information about conformal factor \ must be extracted from N AB AB 
conditions. The conformal factor must satisfy the condition N U AB which solution is very 
simple 

X = a\ + b\ + c (3.21) 

(f) cj) 

where a, b and c are arbitrary functions of q M only. As we mentioned earlier, we do not 
enter this subcase here and we deal with it in the next work. 



3.4 Final results. 



Let's summarize the most important results. There are 5 arbitrary functions of q M 
only, 5 B , e, a and (5. Components of the homothetic Killing vector are 



h B = SsQ SB 



In the base { ^j,^s 



k B = <p- 2 s B 

V T 9< 1nJ d 1 
the homothetic Killing vector 



p B + |^/ + eJ i 



(3.22a) 
(3.22b) 



K = 5 



B 







dq 



B 



2 

T 



85 s \ j , 85 s c 



dq 



N 



2 Xo + -KsJn— )P + t^P + tJ 



B 



dq 



B 



_d_ 
dp 1 



(3.23) 



The system of ten homothetic Killing equations can be reduced to one, expanding master 
equation 



£ K W = -W[A X o + -K ( sJ J 



86 s 



dq 



35 s 85 



N 



N 



dqN 8q 



N 



+ v 



(3.24) 



where £rW = KW is the Lie derivative of the key function and V is a fourth order 
polynomial in p 



1 d5 s 
V := -—KfiKtr — V 



2t 3-S N g q 



N 



A\ 1 



2 dq B dq k 



PrPsPb^ 



(3.25) 



+a6 6 + 



1 de 



2dq A 



tP A + P 
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The integrability conditions of homothetic Killing equations read 

A-Xo = Xo — const (3.26a) 
d5 A 

JaJb = ( 3 - 26b ) 

■ da 3 85 s 

5 N ^-^ Xo --^K s J N — = (3.26c) 



V " 3 " ^ ' ~ * ^ J + "W ~ ~ r J * K * ^) = ° <3 - 26d) 
6^/3 + rue + 2Aa + 25 N — + -7 J^Kg— (3.26e) 



dq N r ' JV <9g 



1 <9 3 c^ 
-KiKtK+J* 



T S A B C'N dq . dq . dq . 

^5 N ^ + 6J^ + U - K N K S ^- - e -K-^t (3.26f) 
' 1 dg^ r N s dq N r dq N 1 ' 

05 N 1 T r ^ 05 s 
dq N r N s dq N 



A \^ + 6 + ^ - f ^ (3.26g) 



^ + 6J^ + ^ - € -K N ^ 
dq N dq N t r dq N 



For completeness we give the formulas for the spinors Iab 

l n = -2(f)' 3 (3.27a) 

l l2 = 2(f)- 1 J N 5 N J B d B W + (f)- 1 K N 5 N - ( /i0 3 - ±) + - J N K A ^ (3.27b) 

t V 3 y r dq A 

I22 = 2(f) 3 JfiS* (7 - 4>~ 2 {J^W) 2 - /x0 4 d^W) + ^(f)' 2 d+W^ (3.27c) 

-20 2 Vi^ J,a% - 3 5 n Pn % P C + 2(f) 3 5 n Pn N S J S 
A ,85* 



5 / \ / A\ 

3 H A Av ( 2 ° A '* A '* + ( - A > 7 * + ^v^)) - ^ (W* + 3 ) 

1 rW^ / \ 1 d 2 5 

-^ A y2^^ K NK s + ^K N J s + K s J N ))-~(t ) 3 -K s K A J i 



2zN 



3.5 Transformation formulas. 

Transformation formulas for the functions <5 A , e, a and /3 are useful in analysis of 
classification of the Killing vector. From the transformation rule of any Killing vector we 
easily find that 

8 ,A = AD- 1 6 A 8* (3.28) 
R' A = X - l D-\ A R B -5 B ^- 

B Q q B 
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where R A is defined by (6.13). 
Using the decomposition 



t5 a = aK A + bJ A a:= J A 6 A 



b := -K A 6 A 



where b = b(w,t) and by (3.26b), a = a{w) one gets 



a = w w a 

b' = \-h + t'a 



e — a 



2%o + a w -2b t + a (In a\w' w ) w + b (In a\) t 



(3.29) 

(3.30) 
(3.31) 
(3.32) 



Much more complicated transformation rules for a and f3 follow from invariancy of the 
master equation and they read 



[w.„) a = a 



1 3 / t 1 \ i 
— /io-Ai^f^ ^d t ) (\~*b + t' w a) 

1 x 1 / 1 r l, r 2 r . 

-—e/j,XH w - -aL w - -6L t + -L(xo - <M 
zr o 3 3 

1 rtf 1 1 / 

K) 2 aM' = P- -ra\ 2 {w' w ) 2 — + -r{a\w' w fd t {\^ d t (\-h + t' w a) 

+ ^r\ea t w' w - M(A X o - 3b t + 2a w ) - aM w - bM t 



(3.33) 



(3.34) 



6r 6r V A _ 2 ' 



The formulae from (3.30) to (3.34) are presented in the form very similar to that from 
Ref. [15J. It seems, that there are several small misprints in transformation formulas in 

It is useful to present integrability conditions (3.26b) - (3.26g), the master equation 
and the form of the homothetic Killing vector, by using a, b and coordinates (0, rj, w, t) 
instead of 5 A and (p A , q B ). Thus we have 



afi w + bfit - 4/iXo + 3/A = 

av w + bv t - 3fie t - 2e/i t + v[a w + 2b t - 2x ) = 

6/i/3 + Tve + 2Aa + 2a^ w + 2b^ t + A^a w - a www = 

fi (ax w + bx t + 6ra t - vb w - e/i w + x(2a w + b t - 2xo) 
k(ax w + bn t + 6ra t - vb w - efM w + x(2a w +b t - 2xo) 

and the form of the homothetic Killing vector 

+ [i2b t -a w - 2xo)r] + b w <p - re 
Finally, the master equation reads 

iV 








(3.35a) 
(3.35b) 
(3.35c) 

(3.35d) 
(3.35e) 



(3.36) 



d_ 



£ K W = -(4 Xo + 2a w - 3b t )W + ^(W 3 ~ 3 ) + « 



(3.37) 



+ 



Y ( - b ww 4> 2 - burf + (a ww - 2b tw )r](j) s j + ^(e w (p + e t r)) + (3 
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4 Classification of Killing vectors. 



Classification of Killing vectors can be done in many different ways. Algebraic type 
of the self-dual conformal curvature can be treated as a main criterion and then the form 
of the covariant derivative of the Killing vector described by the spinor I^b is the subcri- 
terion. That way was chosen in [15J. We propose the different way, presented in the table: 



Isometric symmetries 


Functions 


Homothetic symmetries 


Functions 


Type IK1 


a 


Type HK1 


a jt 


Type IK2 


a = 0, 6 ^ 


Type HK2 


a = 0, b ^ 


Type IK3 


a = b = 0, e ^ 


Type HK3 


a = b = e = 



Using the transformation formulas (3.30)-(3.34) we can reduce the form of the Killing 
vector to one of three canonical forms, namely K = d w , K = dt or K = d v (note the dif- 
ference with [15J). The second step is to use the transformation formulas (2.37a) - (2.37d) 



and the remaining gauge freedom in order to simplify the hyperheavenly equation. 

Generally the results in the tables below follow from the analysis of the master equa- 
tion and its integrability conditions. In some cases important constraints on struc- 
tural functions are given by analysis of the hyperheavenly equation. In order to dis- 
tinguish those cases, we use the symbol =^. [For example, in type IK1, algebraic types 
[III,N] ® [any] with A = has x = >c(w,t) and remainig gauge freedom seems to be 
useless. However, simple analysis of hyperheavenly equation proves, that x w = 0, so 

x = x(£) and it can be gauged away. In that case we marked it as x ^ 0]. 

4.1 Isometric Killing symmetries. 

Here we give a classification of isometric Killing vectors (IK). For all subcases xo — 0. 
When some constant or function cannot be identically equal to 0, it is clearly marked as 
0. All nonzero constants except cosmological constant, can be re-scaled to 1. 

4.1.1 Type IK1 (K = d w ) 

The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


o = l, b = e = a = (3 = 


K = d w 


£ K W = 


W = Wfafat) 



Concrete algebraic types are characterized by: 



[II, D] ® [any] 


[III] ® [any] 


[N] ® [any] 


H = fi ^ 0, v = 
A arbitrary 
x = 
7 = 


ji = 0, v = Vq 7^ 


[A — V — 


A = 
x = 
7 = 


A^0 
x = 
7 = 


A = 
x = 
7 = 7(*)> It + 


A^0 
[x = x ^ 0, 7 = 0] 
or 

[x = 0, 7 = 7(t), 7t ^0] 



4.1.2 Type IK2 (K = d t ) 

The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


6 = 1, a = e = a = f3 = 


K = d t 


£ K W = 


W = W(r},(f),w) 
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Concrete algebraic types are characterized by: 



[II, D] <g> [any] 


[III] <g> 


[any] 


[Nl (R) Fanvl 


H = n(w), fi w ^0 
V = u 


H = no ^ 


n = 
i/ = z/ ^ 


/i = 
i/ = 


v = vo ^ 


v = 


A arbitrary 


A arbitrary 


A arbitrary 


A = 


A^O 


A ^ 


x = 


x = 


X = X 


T~LT~L r\ 
X = 


x = 


x = x 7^ 


7 = 


7 = 


7 = 


7 = 


7 = 


7 = 



4.1.3 Type IK3 (K = d v ) 

The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


e = -\, a = b = /3 = 


K = d v 


£ K W = a<j) 3 


W = a(p 3 f] + F(<f>,w,t) 



Concrete algebraic types are characterized by: 



[II, D] <g> [any] 


[III] <g> [any] 


[N] ® [any] 


n = no o, v = o 

A arbitrary 

a = 
x = 7 = 


li = 0, v = 2a A 7^ 
A^0 
a = «o 7^ 
[x = 0, 7 = 7(tw,*)] 
or 

[x = x(w, t), 7 = 0] 


// = v — 


A = 

a = ao 
x = 
7 = l(w,t), it 7^0 


A^0 
a = 

[x = 0, 7 = -f(w,t), -f t ^ 0] 
or 

[x= x(w,f) ^ 0, 7 = 0] 



4.2 Homothetic Killing symmetries with xo 0* 

In this subsection complete classification of homothetic Killing vectors (HK) with 
Xo 7^ is done. In all subcases Xo 7^ 0, but cosmological constant A = 0. 

4.2.1 Type HK1 (K = 8 W - 2 Xo (<H + vd v )) 
The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


a — 1, b = e = a = (3 = 


K = d w - 2xo(4>d ( p + r]d v ) 


£ K W = -4 Xo W 


W = e- AxoW F(x,y,t) 



where x := (pe 2x ° w and y := i]e 2x ° 



Concrete algebraic types are characterized by: 



[II, D] <g> [any] 


[III] <g> [any] 


[N] ® [any] 


H = e AxoW 


H = 


// = 


v = 


v = e 2xaW 


u = 


x = 


x = 


x = 


7 = 


7 = 


7 = 7(0 , 7* ^ 
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4.2.2 Type HK2 (K = d t - 2 Xo (<^ + V d v )) 
The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


6 = 1, a = e = a = (3 = 


K = d t - 2xo((j)d^ + rjd v ) 


£ K W = -4 Xo W 


W = e- 4xot F(x,y,w) 



where x := <fre 2xot and y := r]e 2xot 

Concrete algebraic types are characterized by: 



[II, D] <g> [any] 


[III] <g> [any] 


[N] ® [any] 


H = n(w)e 4xot , k^O 
u = 
x = 
7 = 


/i = 

v = e 2xot 
x = 
7 = 


does not 
admit any 
homothetic vector 
of the Type HK2 



4.2.3 Type HK3 (K = -2 X o(^ + V d v )) 

The form of Killing vector and the key function: 



Functions 


Killing vector 


Master equation 


The key function 


a = b = e = a = (3 = 


K = -2xo(<l>d^ + r)d v ) 


£ K W = -4 Xo W 


W = W(p A ,q B ) 



The master equation gives 

, dW 



+ Tj 



dW 



2W ->■ p A ^-r= 2\Y 



d<j) ' drj 1 dp A 

so W is an arbitrary homogenous function of the degree 2 in the variables p A . 
Concrete algebraic types are characterized by: 



(4.1) 



[II, D] (g) [any] 


[III] ® [any] 


[N] ® [any] 


does not 
admit any 
homothetic vector 
of the Type HK3 


does not 
admit any 
homothetic vector 
of the Type HK3 


n = 
v = 
7 = 70,t), 7t 

X = Xq 



5 Examples of expanding %%-spaces with symmetry. 

5.1 Type [D] <8> [any] 



As a first example we consider the algebraic type [D] eg) [any]. We show the way to 
reduce the hyperheavenly equation as much as possible. Type [D] eg) [any] appears when 



2^(2)^(2) _ 3C (1) C (3) = 



(5.1) 



Equation (5.1 ) is a differential equation for the key function W and this equation can be 



easily solved in all subcases. 
Type IK1 
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Equation (5.1) yields W t = — » W = W(4>,T]) and the hyperheavenly equation reads 
r 2 {W vrt W w - W^Wri + 2<f ) - 1 W v W vlP - 2<tT x WtW rm ) (5.2) 





A 



-^o(0 2 ^ - 30^ + 3W) - 

(Note that /x can be gauged to 1). 
Type IK2 

For all three subcases pointed in the respective table we find that the type [D] <g> [any] 
condition (5.1) is equivalent to the equation 

\2 1 



2 dW (tu + 2\i % 

[T Z/q + ^ 



dr] 



6fi 



+ 



2r ' 2 



(5.3) 



When ijl w — and u = the equation (5.3) gives no constraints on the key function, but 
xq must vanish. Then the hyperheavenly equation takes the form 



wr] 



(5.4) 



~^{<P 2 W H - 301^, + 3W) - = 

with W = W(rj, 0, w). Note that //q can be gauged to 1. 

When at least one of \x w or v§ is 7^ we find the general solution of (5.3) to be (remember 
that x = 0) 



W 



[u r + 2/j, w (f)) 2 - 3/x/i 

6 

6/i(r 2 z/ + r/i w 0) 



-?7 + 



4r(r 2 z/ + Tfx w q 



-rf + F((p,w) 



(5.5) 



with F(<f),w) being an arbitrary function. Inserting this into hyperheavenly equation 
together with k = 7 = 0, one gets the second-order polynomial in 77. The conditions 
following from quadratic and linear terms in 77 are identically satisfied. Finally, one 
arrives at the equation for F 



2r 2 m0-/^> 3 -^) 



F H + (3fi(p 2 - Ar 2 m)F^ - 3fi(pF + rn w + 2r 2 nn^ - r 2 (pn 2 = (5.6) 



where n and m are given by 

fJ>w(p<t>' 



m 



3 _ 

3 > 



4r(r 2 z/ + TfjL v 



n 



3/i/i t 



6/i(r 2 z/ + t/i v 



(5.7) 



We are going to study Eqs. (5.2) and (5.6) elsewhere. 

[It is easy to check (by substituting (5.5) into the master equation), that in general the 
second Killing vector does not exist]. 
Type IK3 

Equation (5.1) gives F t = — » F — F(4>,w) and consequently the hyperheavenly 
equation reduces to 



(5i 



^{4> 2 F H - 30^ + 3F) + ^<p~ l F H = 
(/i can be gauged to 1). 

This equation can be easily solved (see subsection 5.2). 
Type HK1 

The hyperheavenly equation for the types [II, D] ® [any] in (x, y, w, t) coordinates reads 

(5.9) 

2xo 



t 2 (F F -F 2 

1 I 1 yy L xx 1 X y 



2X FyF X y 2X F X Fyy 



+TX- 1 (2 Xo (yFyy + xF xy - Fy) - F x ^j - (x 2 F xx - 3xF x + 3F) - -^xy = 
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where F = F(x,y,t) is an arbitrary function of its variables, and x :- 



y 



2xow 



T] e 

Condition (5.1) for the type [D] eg) [any] implies the differential equation of the general 
solution 

i o> i 

(5.10) 



F(x, V, t) = ^3 x V + + / (x, y + -Xoxtj 



with / being an arbitrary function of its variables modulo the hyperheavenly equation. 
Inserting (5.10) into (5.9) we obtain 

T (fxxfzz ~ fxz 2x fzfxz ~~ 2x fxfzz) ~~ 2 i X f xx ^ XZ fxz + z fzz) (5-11) 

+2xf x + 2zf z + 2 -T X vx-\zf zz + - 2r Xo x- 1 f z - 3/ + ^ = 



where / = /(x, z) and 2; stands for z = y + ^Xoxt. 
Type HK2 

Now, the hyperheavenly equation for the types [II, D] <g) [any] reads 

t (^FyyF xx F X y ~\~ 2x FyF X y 2x F x Fyy^j (5.12) 
+TX' 1 [F yw - 2xo(xF xx + yF xy - F x ) \ - k(x 2 F xx - 3xF x + 3F) 

+ 2~r ( 4xo/q/2 ~ K ™ x v) = 

where F = F(x, y, w) is an arbitrary function of its variables and x := <p e 2xot , y := rj e 2xot . 
Then the condition (5.1) determining the type [D] ® [any] leads to 



F(x,y,w) 



x 4 - 



Mt 2 xIk" 8t 2 Xo VX + 



24tk 2 x 







3r 



(5.13) 



+f(xy + 



K 



w 2 



-x , w 



with / beeing the arbitrary function of its variables. Inserting (5.13) into (5.12) we find 
the form of the reduced hyperheavenly equation 



r 2 (f z - 2zf z f zz ) - (kz 2 + T ~^z)f zz + (3kz - ^)/. 

+rf zw - 3k/ - 3 **™ ~ 4< =0 

where z = xy + -f^x 1 and / = f(z, w). 
Type HK3 

This type does not admit any algebraic type [D] (g> [any]. 



(5.14) 



5.2 Type IK3 

As a second example we present some explicit solutions for the type IK3 for different 
algebraic types. All possible simplifications are gathered in subsection (4.1.3). 
Type [II,D] ® [any] 

We have here //o 7^ 0, v = x = 7 = a = 0, A is arbitrary. The hyperheavenly equation 
gives 



+ 



6/ 



SnoFF* + ^o<pF + TF& = 



(5.15) 
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In Eqs. (5.15) the variables can be separated. This example was presented in 



Type [D] <8> [any] 

ves F t 

(W 3 + ^)F H - 3/i O 2 ^ + 3/i O 0F = (5.16) 



Condition (5.1) gives F t — and this yields 

A 



The general solution of (5.16) is 



F(<f), w) = fi f(w) 3 + q(w) $ - | f(w) (5.17) 



where f and g are arbitrary functions of their variable. The metric reads 
ds 2 = ((prY 2 l2r(dr] <g> dw - d<p ® dt) + 2 ^ o 3 + dt ® dt + 2t 2 q dw <g> dw j (5.18) 



Curvature 



C« 3 ) = -2/XO0 3 , ^ = ^ = , C ABCD = - 6 ^<f ) 3 J {A J B K c K D) (5.19) 

The form of Cj^q^ proves that now only the type [D] ® [D] is allowed. 
(In all formulas /io can be gauged to 1, if desired). 
Type [III] <g> [any] with A ^ 

After substituting /z = = x, a = const 7^ 0, z/ = 2a A, A ^ and 7 = 7(u>,£) one 
brings the hyperheavenly equation to the form 

-F H + rF^t + 3r 2 a 2 5 + 7 = (5.20) 

with the general solution 

F(<t>, w,t)=f {r<j> - ±t,w) - ^r 2 al 7 + g t 2 - A S + f> (5.21) 

where = $j(u7,t), f) = l)(w,t) and f are arbitrary functions of their variables. Moreover, 
7 is given by 7 = —2tq u - The general solution for the key function W reads 

Wfo, 0, w, t) = a oV <p 3 + f (t4> - ^t, u?j - ^r 2 a 2 4> 7 + Qt 4> 2 - ^ Q <p + i) (5.22) 
The metric is 

ds 2 = ((f)Ty 2 <2T(drj ® dw - d(j) ® dt) + ^- dt ® dt - 8r 2 a o 3 dw ® dt (5.23) 

Is SOS s 

+2(-r 4 f 22 + 2r 3 f 2 + ^r 4 a 2 6 + 2r 2 04 - ^rAfl)d«; ® dwj 



Curvature 



where z :— T<t> — ^t. 



C (3) = Q ; C (2) = -2ra o A0 5 , = -4r 2 7 ( 0t « + « 2 A 3 ) (5.24) 



CaBCD — ^ J(A^B^C^D) 

where 

360 



:= (r 4 f m2 - 3 ) - 24« ^ (5.25) 
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So the metric (5.23) describes the types [III] ® [III] with A ^ 0. 
(cto can be re-gauged to 1 without any loss of generality) . 
Type [N] ® [any] with A ^ 

Here we have fi = b , = x = a = 0, 7 = 7(10, t), jt 0, but cosmological constant is 
necessarily 7^ 0. This case can be easily obtained from the previous case by substituting 



a = in formulas (5.20) - (5.25). The key function 



W ((j), W, t) = f (z, w) + Qttf - A + t) 

3r 



(5.26) 



where g = g(w,t), f) = t)(w,t) and f = f(z, w) are arbitrary functions and z := r0 — ^t. 
The nonzero curvature coefficients read 



C (1) =-4r 2 ^ 7 , 
and the metric takes the following form 



ds 2 



CaBCD ~ T fzzzz4> J B^C^ D 



A 



2r{dr\ <g> dw - d(p ® dt) + - dt <g> 



(5.27) 



(5.28) 



+2 ( - r 4 f zz + 2r 3 f, + 2r 2 dt - j^rAg) dw g> du; J 



with 7 = —2tq u . If f ZZ2 2 7^ and g ttt / we have a complex metric (5.28) of the type 
[N] (8) [N] with 

It is worth-while to note, that the vector d v is a null Debever-Penrose vector. Indeed, 
the self-dual null string is defined by the Pfaff system dq M = 0. The quadruple dotted 



Penrose spinor is proportional to J4 (compare (5.27)), so the anti-self-dual null string is 
given by the Pfaff system J^g AB = 0. Two sets of null strings intersect each other along 
the congruence of complex null geodesic. The tangent vector to this geodesic is tangent 
to both self-dual and anti-self-dual null strings. It is easy to check, that this tangent 
vector is proportional to - J A d^ = d v . An interesting symmetry arises: the Killing vector 
d v is a null multiple Debever - Penrose vector and it defines the congruence of the null 
complex geodesies. Unfortunatelly, the twist of this congruence vanishes. 
Type [N] <g> [any] with A = 

The structural functions read \i = v = x = 0, a = aco, 7 = j(w,t), 74 7^ 0. The 
hyperheavenly equation takes the form 



rF+t + 3r 2 a 2 5 + 70 = 



One easily gets the general solution of (|5.29|) 

F(<j>,w,t) = 



1 



(5.29) 



(5.30) 



where $j = $j(0, w), f) = t)(w,t), f = f(w,t), and 7 = f t . Finally, the key function W has 
the form 

W(r), 0, w, t) = a r](p 3 ~ ^ra&H - — f 2 + g + fj (5.31) 



The metric is 



ds 2 = (0r) 2 < 2r(di] <g> dw - d<f) <g> dt) - 8r 2 a o 3 dw ® dt 

I s s s 

+2 (9r 3 a 2 10 5 - rf - t 2 q h + 2r 2 g^j dw g> j 



(5.32) 
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and the curvature reads 



C^ = = C^ , C^ = 2rf tt <f) 7 (5.33) 
Cabcd = 4? J(aJbJcLd) 

where 

L A := (Qww - 180ra§ tcf) 2 ) J A - 24a K A (5.34) 

So the allowed types are [N] <g> [III,N] and the type [N] Cg> [N] appears when a = 0, f u ^ 
and Qcfxfxfxf, 7^ 0. (In the case with nonzero ao, it can be gauged to 1). 

5.3 Examples of Osserman spaces with symmetry 

The hyperheavenly space theory is useful in analysis of, so called Osserman spaces. 
Considerations on the complex relativity remain valid for the case of the ultrahyperbolic 
relativity. The complex manifold reduces to the 4-dimensional real smooth Riemannian 

manifold with the metric ds 2 of signature (+ H ). Instead of the complex holomorphic 

functions we deal with real smooth functions. 

Let (x 1 , x 2 , x 3 , x 4 ) be local coordinates on some open neighborhood of p G M.. If 
R a ^s denote the components of the curvature tensor at p with respect to the natural 
basis (gfs) p (oi, /3,7, 8 = 1,...,4) and X 13 stand for the components of X G T p Ai in the 
same basis then one can define the following endomorphism 

%q : T P M — ► T P M (5.35) 
(X (X )Yr := R a MS X?X^Y s , Y G T p M 

If X G S+M, where S+M := {X G T p M : ds 2 (X,X) = 1}, then this endomorphism is 
called the Jacobi operator with respect to X G T p Ai. 

(A4, ds 2 ) is said to be Osserman at p G M. if the characteristic polynomial of $-(x) 
is independent of I 6 S p A4. (Ai,ds 2 ) is called pointwise Osserman if (Ai,ds 2 ) is 
Osserman at each point p G M. The folowing theorem holds true: (Ai, ds 2 ) is pointwise 
Oserman if and only if (Ai,ds 2 ) is Einstein and self-dual (or anti-self-dual) [16, 18J. 

(Ai,ds 2 ) is called globally Osserman if the characteristic polynomial of 'R(x) is in- 
dependent of X G S + (Ai) (where S + (Ai) := U p< zmS p -M). The following theorem 
holds true: (M,ds 2 ) is globally Osserman iff for each point p G M. there exist an 
open neighbourhood U of p and an orientation on U such that the conditions C AB ^,^ = 

(2) (3) 

= C ABCD hold on U and, moreover, the invariants Q:= C CD C AB and Q:— 

(2) 

C AB cd cCD ef cEF ab are constant on M HH US]- It has been proved in [1SJ that C 

(3) 

and C are constant on Ai iff u. = 0, i.e., the corresponding hyperheavenly space is of the 
type [III, N] ®[-]. 

Hyperheavenly spaces with A and C AB cd = (or C^^^ = 0) are pointwise Os- 
serman. If additionally A / and anti-self-dual strings (self-dual strings, respectively) 
are expanding then the corresponding pointwise Osserman spaces are not Walker spaces. 
Self-duality (anti-self-duality) condition means, that pointwise Osserman spaces may ad- 
mit conformal symmetries. We do not still have an algebraic tools advanced enough, to 
consider conformal symmetries. In order to deal with such symmetries, it is enough to 



take conformal factor in the form (3.21) and C AB cd — 0. The analysis of the conformal 
symmetries in heavenly spaces with A will be considered elsewhere. 

The main results presented here allow us to analyse only homothetic and isometric 
Killing symmetries in pointwise Osserman spaces. The first way is to take Cabcd = 
(the general case, but still complicated key function W, being in general function of 
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four variables). The second is to take C^q^ = 0. Of course, in that way we get only 
algebraically degenerate pointwise Osserman spaces, but the key function becomes the 
polynomial in p M . Both hyperheavenly equation and master equation can be separated 
into the system of the unknown functions of the two variables q A . Both ways will be 
considered in the work devoted to the symmetries in the Osserman spaces. 

However, the simple example of the pointwise and, in fact, global (!) Osserman spaces 
admitting isometric Killing symmetry can be easily obtained from the metric (5.28). If f 
is a third-order polynomial in z, f ZZ zz = 0, then the space becomes self-dual and globally 
Osserman. Moreover, if Q ttt ^ the space is globally Osserman of the type [N] ® [— ] with 
A ^ 0. It is not a Walker space. 

The second example, with A = follows from the metric (5.32). With «o = 0, 
0^000 — and f tt ^ we deal with the pointwise Osserman space of the type [N] g) [— ]. 
The self-dual null strings are expanding, but A = means, that there exists nonexpanding 
anti-self-dual null strings. The space is Walker on the anti-self-dual side. 



6 Detailed derivation of the master equation. 

In this section we present in some details the reduction of Killing equations to one 
master equation (3.24). Our basic assumption is, that the space is not conformally half- 
flat, i.e., |C (3) | + |C (2) | + |CW| 7^ 0. We already have shown that x = Xo = const, 
and 



Axo = 



(6.1) 



Besides, from the integrability conditio ns Ma bcd (3.16) it follows, that d N (<fi 2 kf f ) = 0, 
from the Killing equations E U AB (see (3.13)), one finds that d^icfP'k 3 ^ = 0. Conse- 
quently we have 

where 5 A is an arbitrary function of q M only. 

From the definition of In we obtain its explicit form (3.27a), which is consistent with 
L 1U A . Second step is to investigate L 2U A . Contracting it with J ^ one can get very 
useful integrability condition (3.26b). Contraction with gives explicit form of I12 
(3.27b). With this form of /12, the integrability conditions L 112 A become identities. 

Knowing 
to the form 



Knowing the form of k^, the second triplet of Killing equations E 12 AB can be brought 



where 



v- 



E 12 AB = 0< A y fl > 



= 

d5^ s 



dq 



Ps 



(6.3) 



(6.4) 



A) 



But if d( A V B ^ = then V A = Vp A + e A with V = V{q Kl ) and e A = e A {q Kl ) being arbitrary 
functions of their variables. Hence 



h A_ 6 .QSA 



d5& 



dq 



A) 



Ps + V P A + tA 



(6.5) 



The final Killing equation, i.e., the E equation can be rearranged to the form 



-E 







N 



<j>- 4 (h N -5 s Q™) 



dq 



N 



N 



(6.6) 
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Inserting h A — 5 S Q SA from (6.5) into (6.6) one gets the polynomial in 0, and, finally, the 
solutions for V and e A 



2V 



9S " 4 t 



N 







JV 



85^ 



(6.7) 



AO 



with e = e(q ) being an arbitrary function. 

Putting this into (6.5) and bringing it to the most plausible form one obtains the final 
solution for h A 



h A - 5 S <7 



2 T ^ 85 s 
2X ^r KsJN d q - 



85 



p A + ^p s + eJ 



(6.8) 



It is worth while to note that with above form of h A the definition of Z 12 is consistent 
with the form (3.27b). 



Equation M 112 2 gives us the integrability condition (3.26c), while the equation M 12 22 
gives (3.26d). Of course, (3.26c) is automatically satisfied for the types [III, N]® [any] and 
it plays role only in the types [II, D] ® [any]. Both (3.26c) and (3.26d) are automatically 
satisfied for the type [N] ® [any]. 

The next step is to calculate the form of Z 2 2 from L 212 . In L 212 A it is useful t o replace 
the factor 8^1x2 from L U2 A equation and do not calculate it directly from (3.27b). Except 
this, there appears the factor Q AB Q X ^ which is skew symmetric in the indices AX and 
it can be changed according to 



Q Aa Q 



B 



-AX nSBr) 



-AX 



r 



(6.9) 



Using the hyperheavenly equation in the form (2.13) to replace T one can remove 
quadratic terms wi th the second derivative of the key function W. After some alge- 
braic w ork, using (3.26c) and contracting L 212 A with one obtains Z 22 in the form 
(3.27c) (contraction J \ ■ L 212 A is an identity). 

The integrability condition £ 122 ^ gives no additional information since it becomes an 
identity. 



Eq. (3.27c) must be consistent with the definition of Z 22 given by (3.14). It is not an 



identity. Denote 
E := 



4 85 s 1 85 s 

■rKW-\Y[4 Xo + -K is J^ — + -K N J s 



85 



N 



(6.10) 



dq* r " "8q^ 8q N 
After some tedious calculations one shows, that the consistency condition takes the form 



J A d A H = - 



1 8 2 5 s 



2t 8q^8q k 
1 85$ 



{2K S J N + J s K^)p k 



(6.11) 



'2r2 8q f KnKs 



in 



1 8e 
■J i 



2 A 8q 



Eq. (6.11 ) plays a crucial role in the most important part of this work i.e. in an in tegr ation 
of the third triplet of the Killing equations E 22 AB . Putting the h A given by (6.5) into 
E AB 



after some obvious cancellations one gets 



(.-2 



E. 



AB 



22 



dR{A + QS(A d R B) _ R s .qAb + 95 s 



8q 



B) 



8q 



s + 6 s d Q 



AB 



(A 



8q t 



(6.12) 
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where 



R 



B 



2 Xo + 



85^ 



T 



N 



dq 



N 



p B + ZZ± p b +e j 

9<1b 



85 



s 



jB 



Taking Q AB in the form (|2. 10bh after some work we obtain 



(6.13) 



- 2 E 22 AB = 8^ = 



(6.14) 



where 



-R b dgQ B + 2Q 1 



2xc 



d q s 2r^ 



r sJN dq N 
85$ 



+ 



dq 



N 



8 2 S^ 
8q B 8q R 



KqK< t K b 



de 



dq N " S N " dq 



B 



PsPr + 



1 d 2 S B 

2 dqsdq k 



PsPr + 



_d_ 
dq 1 



2 

T 



d5 i 



dq 



N 



(6.15) 



p T p B 



Inserting fl B define d by (2.11) into (6.15) one observes, that the terms containing the 
key function W in (6.15) can be rearranged into the form 4 <9 B (0~ 3 X) with X given by 
(6.10). Moreover, after some algebraic tricks, using (3.26b) one finds that 

8 2 8 s 



8q B 8q R 



PsPr + 



1 d 2 5 B 



LAQB 



2 dqgdq R 
1 8 2 8* 

2dq T dq R PmPT 



PsPr + 



_8_ 
dq* 



2 

T 



2xo + z k s j n 



dq 



N 



P T P B 



(6.16) 



Except this, from c^E 5 ** = it follows that T, B = ui p B + (3 B (with uj and (3 B being an 
arbitrary functions of the variable q M ). Finally 



uj P b + {3* = 4 «9 



6r 2 \t dq 



■KsK^(nJ B - <pK B ) - reK 



B 



N 



(6.17) 



Z 4 ^ d6S -K K K B 
j\ s j\ n j\ 



de 



2r 3 ^ dq 



N 



dq 



B 



1 d 2 5 s 
2 dqfdq R 



PrPsPt 



Contracting (6.17) with J B and using (6.11) we get 



3 tA de A 88 s 

uj = --J 

2 dq 

(3 B = -— K B -3PJ B 
6r 



■> 3r 2 8q^" s N 



(6.18) 



(where j3 = (3(q ) is an arbitrary function). 

(An alternative way to obtain (6.18) is t o mul tiply (6.17) by 0~ 4 and derive <9^(6.17)) 
Using the solutions for u and (5 B in Eq. ( 6.17| one can bring it to the form 



AqB 



^ + P+\P A — 

2 dq A 



(6.19) 



+ 



1 d 2 5 s 

2 dqfdq R 



PrPsPt' 
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Hence 



Z + P + 



de 



1 d6 s 



dq A 2r 3 dq 



~ K s K nV 



N 



(6.20) 



+ - 



1 dW 



PrPsPt' 



-a • 



2 dqfdq^ 

(where a = a(q M ) is an arbitrary function). 
Finally, using (6.10) we get the master equation. 

In [15] the authors obtained final result in a slightly different form, using a different 
potentialization of the Q AB 



Q 



AB 



■Q{A A B) 



A 

6Y2 



K A K B 



where 



-2qA 



d W + -~kK rj 



(6.21; 



However, that way is leading to the same result (3.24) so it seems that there is a misprint 
in master equation in [T5] . 

Integrability conditions M2222 and L 222 A offer crazy calculations. It seems, that they con- 



tain the key function W, but the function W can be removed from these conditions, using 
master equation (in M2222) and both master and hyperheavenly equations (in Lr, 22 A ), s o 

lation s we fi nd that K^L 2 22 A gi ves (3.26e), 
). Note, that (3.26g) involves A 



After cancel 



they become polynomials in p 1 

JaL 222 a is an identity and M2222 gives (|3.26f|) and (|3.26g 



and has been not presented in 



J 



N 







dq 



N 



-ev + 3fx/3 



d 



dq 



N 



. Originally we have obtained (|3.26g|) in the form 

N cB d l 



J 1V 5 



dq 



B 



+ 2 J^S B 



A 
"6r 



t5 



N 



dq 



N 



eK 



N 



dfx 
dq~* 



d5$ 



dq 



N 



95* 1 T ^ 



dS s 



but with help of (3.26e) it can be brought to the form (3.26g). 



7 Concluding remarks 

In this paper the problem of Killing symmetries in expanding hyperheavenly spaces 
with A has been considered. We have found the explicit form of the Killing equations 
and their integrability conditions. The results of [15] have been generalized to the case 
of nonzero cosmological constant and some small misprints in [15] have been corrected. 
Finally, some ways of simplifying the hyperheavenly equation have been presented and 
interesting complex metrics have been calculated. 



Metrics calculated in subsection 5.2 admit the Killing vector d v . In that case all the 



nonlinearities in the hyperheavenly equation vanish and the explicite solution could be 



easily found. Especially interesting is the metric (5.28). It describes the type [N] <g> [N] 
with nonzero cosmological constant A. The Killing vector is null and it is the Debever - 
Penrose vector. The twist of the null, complex congruence defined by the Killing vector 
d v vanishes. Are there any possibilities to find the solutions of the complex type [N] £g> [N] 
admitting other Killing vectors, namely d w or dt? We are going to answer these questions 
soon. 

The Killing symmetries in hyperheavenly spaces left some other, unsolved problems. 
The classification of the Killing vectors in nonexpanding hyperheavenly spaces was 
not presented in [T]. In both papers describing the Killing symmetries in nonexpanding 
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hyperheavenly spaces ([T], [2]) the ways of simplifying the final formulas has been pre- 
sented, but the main criterion taken into account for classification has been formulated 
on the algebraic type of the Weyl tensor. It seems, that the more efficient way is to 
deal with the properties of the spinors Iab as a main criterion. That way was chosen 
in classification of the heavenly spaces made by Plebahski and Finley in [8J and also by 
us in the present paper. Are there any chances to obtain the similar classification in 
nonexpanding hyperheavenly spaces with A? One of the main result of [S] is the new 
physical equation, called the Boyer-Plabahski-Finley equation. It is the nonlinear differ- 
ential equation for one function depending on three variables. It seems that there should 
exist some nonexpanding hyperheavenly equivalent of this equation. Moreover, the non- 
expanding hyperheavenly spaces plays an important role in analysis of Einstein - Walker 
spaces. The symmetry of such spaces could be easily obtained from the Killing symmetry 
in nonexpanding hyperheavenly spaces. 

The next important task is to find the master equation for the heavenly spaces with 
cosmo logical constant. Nonzero cosmological constant implies, that if Cabcd = Cabcd = 
0, then there does not exist any nonexpanding congruence of the self-dual null strings. 
The case of isometric Killing symmetries in such spaces was considered in [20] [21] but 
homothetic and conformal symmetries of that spaces are nowadays, unknown. Can the 
Killing equations be reduced to one master equation? Results of [1] generalize the previous 
work of Plebahski and Finley [7] and prove that the conformal symmetries in heavenly 
spaces generate some new function of all variables, together with the first integral of 
the heavenly equation. Does the similar function and first integral appear in the master 
equation in heavenly spaces with cosmological constant? The analysis of the master 
equation for the heavenly spaces with A allows to find various symmetries of the Osserman 
spaces. 

The problems of conformal, homothetic and isometric Killing symmetries in heav- 
enly spaces with cosmological constant, classification of the nonexpanding hyperheavenly 
spaces admitting Killing vector and symmetries in Osserman and Walker spaces will be 
considered in the next parts of our work. 
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Correctum. There was found a few misprints in [1] . 



Formula (2.6) 



there is ds 2 = <$> 2 (~dp A <8> dq A + Q AB dq A £g> dq^) 



s s 



there should be ds 2 = 20 2 (-dp A <g> dq A + Q AB dq A <g> dq^) 



s s 



Formula (2.27) 



there should be 



there is 



N 



N- 



AB 



AB 




2 



3 



3 



2 



F '(X a Y) _ 



F '(X a Y) 
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Formula (4.13) 



there is Z 22 = - — (2* + 6) + 2^iV M - 



M 



<9g M <9g M 

<9 • ■ fie™ 

there should be l 22 = - — (2 X + 6) p M + 25^iV M - — 

Formula (4.15) 

there is = 8*Q« .-^-p A + V } - ^ 



The first line under the formula (4.29) 



pMp B dq h ^ M 3 

A 

dq L 



there should be K B = 5 M Q vM , p . - ^- PKl + -5^ M p B ^ - e B - 2 X p B 



(9o 

there is ax— 2 A = 

there should be Oi- 2fi = 
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